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a b s t r a c t
The current study investigated the mediating role of numberrelated skills in the developmental relationship between early cognitive competencies and later fraction knowledge using structural
equation modeling. Fifth-grade numerical skills (i.e., whole number line estimation, non-symbolic proportional reasoning, multiplication, and long division skills) mapped onto two distinct factors:
magnitude reasoning and calculation. Controlling for participants’
(N = 536) demographic characteristics, these two factors fully
mediated relationships between third-grade general cognitive
competencies (attentive behavior, verbal and nonverbal intellectual abilities, and working memory) and sixth-grade fraction
knowledge (concepts and procedures combined). However, specific
developmental pathways differed by type of fraction knowledge.
Magnitude reasoning ability fully mediated paths from all four cognitive competencies to knowledge of fraction concepts, whereas
calculation ability fully mediated paths from attentive behavior
and verbal ability to knowledge of fraction procedures (all with
medium to large effect sizes). These findings suggest that there
are partly overlapping, yet distinct, developmental pathways from
cognitive competencies to general fraction knowledge, fraction
concepts, and fraction procedures.
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Introduction
Fractions are a crucial topic in mathematics education. Fraction knowledge is critical for learning
more advanced mathematics such as algebra (e.g., Bailey, Hoard, Nugent, & Geary, 2012; Booth &
Newton, 2012; National Mathematics Advisory Panel [NMAP], 2008; Siegler et al., 2012), which in turn
supports success in science, technology, engineering, and mathematics (STEM) disciplines (Sadler &
Tai, 2007). Unfortunately, fractions are hard for many students (e.g., Hecht, Close, & Santisi, 2003;
NMAP, 2008; Siegler et al., 2012; Vamvakoussi & Vosniadou, 2010) and often continue to be a stumbling block after formal fractions instruction has been completed (Hansen, Jordan, & Carrique, 2015).
For example, on a recent assessment, only 41% of eighth graders could successfully solve a multi-step
problem involving fractions (National Assessment of Educational Progress [NAEP], 2013). Difficulties
with fractions often continue into adulthood. Approximately one third of a sample of U.S. community
college students could not identify which of two fractions had the larger value despite being highly
successful at such comparisons with whole numbers (Schneider & Siegler, 2010).
Although fraction learning has recently attracted attention among researchers in the learning and
cognitive sciences (e.g., Fuchs et al., 2013; Jordan et al., 2013; Vukovic et al., 2014), the processes
underlying the development of fraction knowledge are still not well understood. A complete theory
of fraction development must consider not just global relationships between early predictors and
later fraction knowledge but also both direct and indirect pathways to acquisition of fraction knowledge. Some competencies may be direct precursors of fraction knowledge; for example, the ability to
represent whole numbers on a number line could directly influence the mental structure for seeing
how fraction magnitudes are interspersed between numbers (Siegler, Thompson, & Schneider,
2011). Other more general cognitive abilities may indirectly affect fraction learning via such direct
precursors of fraction understanding, with the precursor serving as an intermediary. For example,
verbal intelligence (a general cognitive competency) may support the acquisition of whole number
knowledge (a direct precursor), which then supports the acquisition of fraction knowledge (Vukovic
et al., 2014). Furthermore, it is important to consider how these direct and indirect pathways support different aspects of fraction knowledge, which includes both conceptual and procedural
knowledge.
In the current longitudinal study, we sought to clarify key developmental pathways from more
general cognitive processes in third grade and precursor numerical skills in fifth grade to different
types of fraction knowledge in sixth grade.

Defining fraction knowledge
Mathematical competency in any domain involves both concepts and procedures (Geary, 2004).
Fraction concepts require the ability to represent fractions as magnitudes, which allows students to
compare and order fractions based on their size (Council of Chief State School Officers & National
Governors Association Center for Best Practices, 2010; Siegler, Fazio, Bailey, & Zhou, 2013). Skill with
fraction procedures, on the other hand, involves performing arithmetic operations on fractions (Siegler
et al., 2013).
Previous research reveals the importance of constructing not only a general model of fraction
knowledge but also independent developmental models for concepts and fraction procedures. To be
sure, fraction concepts and procedures are closely related and build on one another (e.g., Hecht
et al., 2003; Hecht & Vagi, 2010; Hecht & Vagi, 2012). However, general cognitive and numberrelated abilities differentially predict the development of fraction concepts and procedures, respectively (Hansen, Jordan, Siegler et al., 2015; Jordan et al., 2013; Namkung & Fuchs, 2016). Each type
of knowledge follows a relatively distinct pattern of growth (Hansen, Jordan, & Rodrigues, 2015), with
fraction concepts being particularly important to later mathematics achievement (Hallett, Nunes, &
Bryant, 2010; Hecht et al., 2003; Rittle-Johnson, Siegler, & Alibali, 2001). Thus, there is a clear need
for research that considers both the broad development of fraction knowledge and the relationships
between cognitive competencies and conceptual and procedural fraction knowledge specifically while
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taking into account the potential mediating role of prior mathematical knowledge. Accordingly, the
current study first aimed to specify an overarching model of pathways to general fraction knowledge
(combining concepts and procedures) and then examined finer grained pathways to fraction concepts
and fractions procedures.
Fraction development
General underpinnings
Whole number and fraction knowledge draw on a shared set of cognitive resources that influence
learning. Knowledge in any mathematical domain develops with the support of domain-general cognitive abilities, including verbal and nonverbal intellectual abilities, working memory, and attention.
These areas have been widely implicated in the development of both fractions (Bailey, Siegler, &
Geary, 2014; Hansen, Jordan, & Carrique, 2015; Hecht et al., 2003; Hecht & Vagi, 2010; Jordan et al.,
2013; Namkung & Fuchs, 2016; Vukovic et al., 2014) and whole numbers (e.g., Fuchs et al., 2010;
Geary et al., 2008; LeFevre et al., 2010; Seethaler, Fuchs, Star, & Bryant, 2011). Verbal ability or intelligence helps students to understand and use words related to mathematics (e.g., equivalent, numerator, denominator) and manipulate verbal information (e.g., counting out loud, talking through the
steps to solve a problem) (Seethaler et al., 2011). Nonverbal reasoning ability or intelligence is
involved in representing, comparing, and combining numerical magnitudes (Fuchs et al., 2006;
Geary, 2004). Working memory helps students to hold numerical information in short-term storage
when solving problems (Swanson, 2011). Attentive behavior allows children to stay on task in the
classroom and focus on key parts of a problem (Finn, Pannozzo, & Voelkl, 1995). For example, when
learning fractions, students must attend to the value of the numerator and the denominator
simultaneously.
Number-related skills
Numerical magnitudes. Traditionally, the development of numerical knowledge has been viewed as a
segmented process; that is, students first learn about whole numbers and then—usually with much
more difficulty—learn about fractions (e.g., Ni & Zhou, 2005; Vosniadou, Vamvakoussi, & Skopeliti,
2008). Siegler and colleagues (Siegler & Lortie-Forgues,, 2014; Siegler et al., 2011) proposed an integrated theory of numerical development, which asserts that mathematics learning entails the gradual
broadening of the set of numbers that can be represented. The key continuity throughout numerical
development is the recognition that all real numbers have magnitudes that can be placed on a number
line. Developing an accurate representation of whole number magnitude provides organization for
reasoning about fraction magnitude. Indeed, precision in whole number magnitude estimation predicts fraction magnitude estimation (Hansen, Jordan, Siegler et al., 2015; Resnick et al., 2016). To
understand how fraction knowledge develops, it is important to examine the structure of relationships
among general cognitive competencies, whole number knowledge, and fraction knowledge.
Non-symbolic proportional reasoning. Whereas symbolic reasoning pertains to proportions presented
in conventional notation (e.g., comparisons of 1/2 vs. 2/3), non-symbolic representations of proportion
refer to understandings of concrete stimuli (e.g., the ability to apprehend the equivalence of visually
presented ratio bars). Non-symbolic proportional reasoning arguably provides the foundation for
understanding fractions (Behr, Harel, Post, & Lesh, 1992; Siegler & Lortie-Forgues,, 2014). Young children successfully reason about non-symbolic fractions well before they learn symbolic fractions. Even
preschoolers can reason informally with area models of fractions less than or equal to 1 (Mix, Levine, &
Huttenlocher, 1999). Despite its emergence in early development, however, non-symbolic reasoning
about fractions does not always translate readily into symbolic knowledge of fractions. For example,
Stafylidou and Vosniadou (2004) found that many students do not consistently demonstrate an accurate understanding of part–whole relations with symbolic fraction notation until seventh grade.
Whole number calculation. Whole number arithmetic supports proficiency in fractions (Hansen,
Jordan, Siegler et al., 2015; Hecht et al., 2003; Jordan et al., 2013; Namkung & Fuchs, 2016; Vukovic
et al., 2014). Multiplication and division appear to be particularly important to the development of
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fraction skills. The ability to see multiplicative relationships helps students to understand equivalent
fractions (Boyer & Levine, 2012); for example, students may struggle to understand that 3/9 and 5/15
are equivalent if they do not realize that each denominator is three times the numerator. Furthermore,
fluency with multiplication facts aids students when executing fraction procedures (Hecht et al., 2003;
Seethaler et al., 2011). Fraction division and whole number division are logically equivalent (e.g., a
fraction in the form N/M is the same as N divided by M), suggesting that whole number division skill
also supports fraction learning (Behr & Post, 1992; Siegler & Pyke, 2013). Indeed, understanding whole
number division accounts for substantial individual variability in fraction arithmetic among sixth and
eighth graders (Siegler & Pyke, 2013).
Limitations of previous accounts of the development of fraction knowledge
Although evidence suggests that a range of general cognitive processes and whole number-related
skills predict fraction proficiency, no consensus has been reached regarding the underlying structure of
these relationships and the mechanisms that explain them. Few studies have investigated whether cognitive competencies directly predict fraction concepts and fraction procedures or whether other kinds
of number skills intervene in observed relationships (e.g., Bailey et al., 2014; Hansen, Jordan, Siegler
et al., 2015; Jordan et al., 2013; Namkung & Fuchs, 2016; Seethaler et al., 2011). General competencies
may be important to the development of fraction knowledge only insofar as they promote the acquisition of intermediate number-related skills, which in turn directly affect children’s learning of fractions.
Two previous studies investigated intermediate relationships between cognitive predictors and
fraction knowledge. Vukovic and colleagues (2014) specified a path model that examined the developmental sequence from first-grade cognitive predictors and second-grade whole number skills
(i.e., whole number line estimation and whole number calculation) to fourth-grade fraction concepts.
The study identified multiple pathways to fraction competence. Verbal ability and visual–spatial
memory supported the acquisition of fraction concepts through improved whole number line estimation, whereas verbal ability and attentive behavior related to fraction concepts via improved whole
number calculation (i.e., addition and subtraction). Fluency with partitioning sets and the ability to
transcode between quantities and symbols were the only cognitive predictors that showed a direct
influence on fraction concepts (although it should be noted that both of these skills involve numerical
reasoning to some degree).
Hecht and colleagues (2003) examined how working memory and attentive behavior in fifth grade
support learning of specific fraction skills through whole number arithmetic skills and fraction concepts also assessed in fifth grade. Fraction skills included calculating precise answers for fraction computation problems, estimating answers for fraction computation problems, and solving fraction
computation problems in the form of one-step word problems using standard fraction notation.
Whole number arithmetic skill involved accuracy, speed, and strategy use when solving whole number arithmetic problems. Conceptual fraction knowledge was assessed by asking students to shade a
specific fraction of a given polygon, identify the portion of a fraction that was already shaded, add
together the shaded portions of multiple polygons, and identify which fraction is larger from a set
of two symbolic fractions. Hecht and colleagues found that conceptual fraction knowledge supported
all fraction skills. Conceptual fraction knowledge also partially mediated the relationship between
attentive behavior and all fraction skills. Whole number arithmetic skills partially mediated the relationship between the general predictors (i.e., working memory and attentive behavior) and fraction
computation, whereas working memory and attentive behavior had a direct influence on fraction
word problems.
Notwithstanding the important findings of these previous studies, further research is needed to
construct a more complete developmental model of the relationship between early cognitive competencies and later fraction knowledge. A limitation of the previous studies is that they consider only a
limited range of general cognitive predictors (Hecht et al., 2003), number-related mediators (Hecht
et al., 2003; Vukovic et al., 2014), or fraction outcomes (Vukovic et al., 2014). Furthermore, there
has been no investigation of the influence of non-symbolic proportional reasoning skills as a potential
mediator. Failure to examine the non-symbolic component of numerical skills may lead to underestimation of the role of magnitude reasoning more generally. In addition, previous studies have not
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examined the development of fraction knowledge throughout the entire period during which it is formally taught. Vukovic and colleagues (2014) ended their investigation in fourth grade, after 1 year of
formal fraction instruction, whereas the cross-sectional study by Hecht and colleagues (2003) investigated only fifth-grade learning.
Thus, existing studies provide only snapshots of how magnitude reasoning and number skills intervene in the relationship between general cognitive processes and fraction learning. In the United
States, children begin to receive formal fraction instruction in third and fourth grades and continue
through sixth grade (Council of Chief State School Officers & National Governors Association Center
for Best Practices, 2010; NCTM, 2007). Sixth grade is a critical benchmark for examining fraction competencies because it often is the last year that students receive intensive instruction in fractions. To
date, studies have not examined pathways from cognitive competencies and intermediate numerical
abilities to fraction knowledge across this entire period of fraction instruction.

The current study
This study investigated pathways from cognitive competencies, measured in third grade, to knowledge of fractions, measured in sixth grade. In particular, we examined the potential intervening role of
number-related skills, measured in fifth grade. The chronological order of the measurements was chosen to elucidate broad developmental pathways (as opposed to concurrent relations) from cognitive
competencies to fraction outcomes through intermediate numerical skills during the period of fraction
instruction. These number-related skills included non-symbolic proportional reasoning, whole number line estimation, multiplication, and long division skills. Considering a set of key domain-general
cognitive indicators (i.e., attentive behavior, verbal and nonverbal abilities, and working memory)
alongside number-related mediators allows for more comprehensive measurement of the relative
contributions (both direct and indirect) of different variables because each variable must compete
with many others to predict fraction learning outcomes.
A challenge that emerges when multiple numerical skills are considered as potential mediators is
increased dimensionality in the construct and complexity in the pathways. To reduce dimension and
adjust for measurement error in mediator measures, we first conducted a confirmatory factor analysis
to identify potential latent constructs underlying observed numerical skills. This approach contrasts
with previous studies that examined mediation effects using a path analysis with observed mediators
(Hecht et al., 2003; Vukovic et al., 2014). A latent variable model supports a more reliable and generalizable representation of the mediating role of numerical knowledge. Thus, we conducted a mediation analysis using a structural equation modeling (SEM) approach, treating the latent numerical
variables as mediators between the general cognitive predictors and fraction outcomes. Instead of taking the more common approach of considering each observed mediator individually, our analysis estimated the mediators’ relative contributions while controlling for all other variables, which reduces
potential bias in the estimated role of each latent mediator.
Using this innovative sequential SEM approach, we tested the overarching hypothesis that intermediate numerical skills would partially or entirely mediate the relation between general cognitive
competencies and fraction outcomes in a selective fashion. We suspected that there is an overall
shared pathway from most or all of the cognitive competencies to general fraction knowledge (encompassing both fraction concepts and procedures) through some set of numerical skills. In addition,
although fraction concepts and fraction procedures are related content areas, we expected that there
might also be relatively distinct cognitive and numerical pathways specific to each type of knowledge.
Although our study is primarily exploratory, we predicted that some cognitive predictors (e.g., verbal
ability) would relate more to fraction concepts than to fraction procedures, whereas others would
relate more to fraction procedures (e.g., attention, working memory). and that these cognitive predictors might influence concepts and/or procedures indirectly through different combinations of
number-related competencies. We further predicted that whole number line estimation and nonsymbolic proportional reasoning might play a stronger role in mediating the relation between
third-grade cognitive competencies and sixth-grade fraction concepts, whereas whole number multiplication and division skills might play a larger intermediate role related to fraction procedures.
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Method
Participants
To recruit students, we sent letters describing the study and consent forms to families of all third
graders in nine schools in two adjacent public school districts. Consent forms were returned from 517
students, although 36 of these students declined to participate or switched to a non-participating
school before the first assessment. Students were followed longitudinally for a total of 4 years, beginning in third grade and ending in sixth grade. The sample was replenished in fourth grade (n = 27) and
again in fifth grade (n = 28), resulting in a total sample of 536 students for this study. Background
characteristics of participating students are presented in Table 1. All participating schools followed
curriculum benchmarks aligned with the Common Core State Standards in mathematics (Council of
Chief State School Officers & National Governors Association Center for Best Practices, 2010) starting
in fourth grade.
Measures
Background variables
Background covariates included age at third grade entry, income status (middle vs. low, measured
by participation in the school’s free/reduced lunch program), and gender.
Measures of general cognitive competencies at third grade
Attentive behavior. The inattention subscale of the SWAN (Strengths and Weaknesses of ADHD symptoms and Normal behavior) rating scale (Swanson et al., 2006) was used to measure children’s attention during mathematics class. Items were based on the criteria for inattention associated with
attention deficit hyperactivity disorder (ADHD) described in the fourth edition of the Diagnostic and
Statistical Manual of Mental Disorders (American Psychiatric Association, 1994). Mathematics teachers
completed this nine-item rating scale for each student, using a scale of 1 (below average) to 7 (above
average) to rate attentive behavior. The instrument has been used extensively in previous developmental research on math learning (Fuchs et al., 2006; Fuchs et al., 2010; Vukovic et al., 2014). Internal
reliability is high (Cronbach’s a = .98 in third grade).
Verbal ability. In the fourth edition of the Peabody Picture Vocabulary Test (PPVT; Dunn & Dunn,
2007), children were presented with four pictures on a page and asked to point to the picture that corresponds with the word spoken by the assessor. The PPVT is highly correlated with a comprehensive
measure of verbal IQ (r = .89) (Dunn & Dunn, 2007). Internal reliability is high (a > .96) (Dunn & Dunn,
2007).
Nonverbal reasoning ability. The matrix reasoning subtest of the Wechsler Abbreviated Scale of Intelligence (WASI; Wechsler, 1999) was used to assess nonverbal reasoning ability that did not involve
numerical concepts. Children were shown an incomplete grid and asked to complete the pattern by
pointing to one of five response options presented in a series below the grid. Matrix reasoning has high
internal reliability (a > .90) and is strongly correlated with a comprehensive measure of performance
IQ (r = .78) (Wechsler, 1999).
Working memory. Children completed the counting recall subtest of the Working Memory Test Battery
for Children (WMTB-C; Pickering & Gathercole, 2001). This subtest presents a series of cards one at a
time, with each card showing a different number of randomly placed dots. Children were asked to
count the dots and then, at the end of the series, recall the number of dots on each card in the order
of presentation. Each series included a different number of cards, ranging from one to seven. For example, when presented with a series of four cards, a child might count five dots, six dots, four dots, and
then eight dots. The child would then be asked to recall how many dots were counted on each card of
the series in the correct order. Each level consisted of six sets of trials. To move on to the next level (in
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Table 1
Sample demographic information (N = 536).
Characteristic
Gender
Male
Female
Race
White
Black
Asian/Pacific Islander
American Indian/Alaskan Native
Hispanic
Low income
English learner
Special education
Mean start age in months

%
47.0
53.0
51.8
40.0
5.7
2.5
17.7
60.9
10.6
10.6
105.9

which the number of cards to be remembered increased by one), children needed to answer correctly
on at least three trials. Test–retest reliability is .61 (Pickering & Gathercole, 2001).
Measures of number-related mediators at fifth grade
Whole number line estimation. Whole number magnitude understanding was assessed using a number
line estimation task (Siegler & Opfer, 2003). The task was administered on a laptop computer using
DirectRT v2012 with a 0–1000 number line. First, an assessor showed the student where the end
points (0 and 1000) were located on the number line. The assessor then completed a sample trial
by locating 270 on the number line. Students then estimated 22 numbers in the following order:
56, 606, 179, 122, 34, 78, 150, 938, 100, 163, 754, 5, 725, 18, 246, 722, 818, 738, 366, 2, 486, and
147. We calculated percentage absolute error (PAE) by dividing the absolute difference between the
estimated and actual magnitudes by the numerical range of the number line (1000) for each trial
and then taking the mean across all trials. We report PAE rather than linear R-square for ease of interpretation and also because some children’s estimates can fit a linear function despite being highly
inaccurate (R. Siegler, personal communication, May 20, 2016; Simms, Clayton, Cragg, Gilmore, &
Johnson, 2016). Internal reliability for our sample was high (a = .91) in fifth grade.
Non-symbolic proportional reasoning. Non-symbolic proportional reasoning was assessed using a task
adapted from Boyer and Levine (2012), which we administered on a laptop computer. This task contained 48 randomly ordered self-paced trials. In each trial, students were presented with a target
‘‘juice container” (i.e., a tall rectangle) with a proportion of red ‘‘juice” and blue ‘‘water.” Then they
were shown two other juice containers of a different size and asked to identify which of two response
options had the same proportion of red juice parts to blue water parts. Correct response options differed by one of six scaling factors (0.67, 0.50, 0.33, 3.00, 2.00, or 1.50). Half of the items showed the
juice containers with demarcating lines dividing the target and response options into discrete parts,
and half showed continuous quantities. Internal reliability of this measure for our sample was extremely high (a = .93 in fifth grade). Because the high correlation between the discrete and continuous
items (r = .83) creates concerns about multi-collinearity, we did not analyze the subtasks separately.
Long division skills. Students were asked to solve six written long division problems, using paper and
pencil. Problems were presented traditionally; that is, the dividend was inside the long division symbol and the divisor was to the left of that symbol. The problems were as follows: 56  8, 42  3,
306  9, 91  4, 180  60, and 1400  400. Internal reliability of this measure for our sample was good
(a = .76 in fifth grade).
Multiplicative skills. Students were given three problems assessing their multiplication skills: one item
released from the National Assessment of Educational Progress (2003) and two items adapted from
the NAEP. The problems were presented in a written multiple-choice format and were as follows:
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‘‘Two boys bought exactly enough baseball cards so that each of them has the same amount. Which of
the following could be the number of baseball cards they bought?” (response options: 3, 5, 6, 7); ‘‘Six
students bought exactly enough pens to share equally among themselves. Which of the following
could be the number of pens they bought?” (NAEP item; response options: 46, 48, 50, 52); and ‘‘Eight
children picked exactly enough apples to share equally among themselves. Which of the following
could be the number of apples they picked?” (response options: 52, 54, 56, 58). Internal reliability
for this measure in our sample was moderate (a = .59 in fifth grade).
Fraction outcome measures at sixth grade
Fraction concepts. The fraction concepts measure was made up of three shaded fraction items (Hecht
et al., 2003) and 25 released items from the NAEP (items released between 1990 and 2009). On the
shaded fraction items, students were asked to shade a figure or set of figures indicating the amount
shown by a fraction numeral (e.g., ‘‘Shade 4/5 of ten circles”). The NAEP items involved part–whole
understanding (e.g., ‘‘What fraction of the group of umbrellas is closed?”), estimation (e.g., ‘‘Estimate
the sum: 7/8 + 12/13”), fraction comparison and ordering (e.g., ‘‘In which of the following [four
choices] are the three fractions arranged from least to greatest?”), and equivalence (e.g., ‘‘Which picture shows that 3/4 is the same as 6/8?”). Of the 28 items, 16 were multiple choice and 12 were free
response. For the majority of the items, numerators ranged from 1 to 12 and denominators ranged
from 2 to 13. Items were scored as correct/incorrect. The maximum score on this measure was 28.
Internal reliability on this measure for our sample was good (a = .86 in sixth grade).
Fraction procedures. Students were given 26 fraction computation items (adapted from Hecht, 1998).
There were six addition, six subtraction, nine multiplication, and five division problems. Of these problems, eight had like denominators and seven included mixed numbers. The size of numerators ranged
from one to seven, and the size of denominators ranged from two to eight. Students were given 10 min
to complete as many problems as they could. The score on this measure was the number of items
answered correctly. Internal reliability on this measure for our sample was good (a = .82 in sixth
grade).
Procedure
School personnel provided demographic information (i.e., gender, age, and income status). Verbal
and matrix reasoning abilities and attentive behavior were assessed during the winter of third grade,
and working memory was assessed during the spring of third grade. General predictor measures were
administered to students individually, with the exception of the attentive behavior survey, which was
completed by third-grade teachers. Mediator measures were given in fifth grade. Tests of whole number line estimation and non-symbolic proportional reasoning were administered individually,
whereas tests of multiplication and division skills were administered in a group setting. Whole number line estimation and long division were administered during the winter of fifth grade, whereas nonsymbolic proportional reasoning and multiplication were administered during the spring of fifth
grade. The fraction outcomes (fraction concepts and fraction procedures) were assessed during the
winter of sixth grade in a group setting. Trained assessors administered all measures.
Data analytic procedure
We used a structural equation modeling approach to mediation analysis to examine the
relationships among third-grade general cognitive competencies, fifth-grade number-related skills,
and sixth-grade fraction knowledge. SEM is generally superior to standard multiple regression
because it supports the establishment of directional correlation effects while also accounting for measurement error (Bollen, 1989; Kline, 2011). Mediation analysis allows for a simultaneous investigation
of the direct associations between third-grade cognitive competencies and sixth-grade fraction knowledge and, importantly, how these associations are mediated by numerical skills measured in fifth
grade. All analyses controlled for background variables (i.e., age, gender, and income status). Structural
equation models for the mediation analyses in the current study were tested using covariance
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structure analysis procedures, and all analyses were carried out using the Mplus statistical program
(Muthén & Muthén, 1998–2014).
Following Anderson and Gerbing’s (1988) recommendations, we analyzed the data in two stages: a
measurement model analysis stage and a structural model analysis stage. In the measurement model
analysis stage, we conducted two confirmatory factor analyses to determine the factor structure
among the four numerical mediators and the two fraction outcomes, respectively. In the structural
model analysis stage, we assessed the mediating role of number-related skills along the pathway from
domain-general competencies to fraction understanding. When considering whether or not the model
accurately represented the data, we used the following goodness-of-fit indexes: chi-square, Tucker–
Lewis index (TLI; >.90 acceptable, >.95 excellent; Tucker & Lewis, 1973), comparative fit index (CFI;
>.90 acceptable, >.95 excellent; Bentler, 1990), and root mean square error of approximation (RMSEA;
<.08 acceptable, <.05 excellent; Brown & Cudeck, 1993).
Before testing the structural models, we examined the significance of all direct relationships among
predictors, mediators, and outcome variables to make sure that they met the three prerequisite criteria for determining a consistent mediation model as defined by Baron and Kenny (1986). To be considered a meaningful mediation model, the predictor variable must significantly predict the
mediating variables (a path) and the outcome variables (c path). In addition, the mediator variables
must significantly predict the outcome variables in the context of both the mediators and the predictors (b path). Mediation effects are indexed by a reduced relationship between the predictor and outcome variables (a reduction in c coefficient under the context of a mediation model) as well as
significant a path and b path coefficients. The amount of mediation is called the indirect effect, A full
mediation effect, in which the relation between the predictor and the outcome is completely indirect
(mediated by a third variable), is characterized by an insignificant c0 coefficient. A partial mediation, in
which the relation between the predictor and the outcome are partially direct and partially indirect
(mediated by a third variable), is characterized by a significant c0 that is smaller than c (Kenny,
2015). The effect size (ES) of a mediation effect is determined by the product of standardized a and
b coefficients, where .05 = a small effect size, .09 = a medium effect size, and .25 = a large effect size
(Kenny, 2015). The relative magnitude or unique contribution of a given mediator is decided by the
corresponding effect size.
Results
Table 2 presents the means and standard deviations of all measures. Table 3 presents correlations
among measures used in the study. All measures were moderately or strongly correlated with each
other.
Measurement model results
Two correlated dimensions, or factors, were identified for the four number-related skills (i.e., whole
number line estimation, non-symbolic proportional reasoning, long division, and multiplicative
skills).2 Whole number line estimation and non-symbolic proportional reasoning mapped onto the same
factor, which we conceptualized as magnitude reasoning. Long division and multiplicative skills mapped
onto a separate factor, which we conceptualized as calculation. All four manifest variables loaded significantly and reliably onto their respective factors (standardized coefficients: .57–.81, p = .001). The
model–data fit of this two-factor model was excellent (see Table 4). We contrasted this two-factor model
(i.e., magnitude reasoning and calculation as separate factors) with the one-factor model (to assess
2
The confirmatory factor analyses (CFAs) conducted were second-order factor analyses (Gorsuch, 1983; Thompson, 1990) based
on the total score for each measure (i.e., first-order unit-weighted factors) rather than first-order factor analyses of individual
items. This approach reduces computational difficulty and problems with interpretation. Including a large number of items creates
convergence problems, and even when constraints were added allowing the model to converge, a first-order model with four
factors was a poor fit for the data. To maintain interpretability, we decided to use a second-order CFA (i.e., extracting factors
directly on the four total scores). Second-order CFAs were also used to evaluate the measurement model for the fraction outcome
measures described subsequently.
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Table 2
Means (and standard deviations) of all measures.
Variable
Cognitive predictors
Attentive behavior (SWAN)
Verbal (PPVT; percentile)
Matrix reasoning (WASI, scaled)
Working memory (WMTB-C)
Numerical skill mediators
Whole number line estimation (PAE)
Non-symbolic proportional reasoning
Long division
Multiplicative skills
Fraction outcome
Fraction concepts
Fraction procedures

M (SD)

Min

Max

n

36.76 (12.01)
47.16 (28.63)
9.81 (3.26)
19.38 (5.04)

9.00
1.00
2.00
6.00

63.00
99.00
17.00
41.00

468
464
462
460

8.43
0.70
3.82
2.28

1.68
0.15
0.00
0.00

40.24
0.98
6.00
3.00

407
401
407
401

5.00
0.00

28.00
26.00

361
361

(5.67)
(0.21)
(1.84)
(0.92)

21.25 (5.00)
11.70 (5.08)

Note. All scores are raw scores unless indicated otherwise. SWAN, inattention subscale of the SWAN rating scale; PPVT, Peabody
Picture Vocabulary Test (4th edition); WASI, matrix reasoning subtest of Wechsler Abbreviated Scale of Intelligence; WMTB-C,
Working Memory Test Battery for Children; PAE, percentage absolute error.

Table 3
Correlations among all measures.

1.
2.
3.
4.

Age
Female
Low income
Attentive
behavior
5. Verbal (PPVT)
6. Matrix
reasoning
(WASI)
7. Working
memory
8. Whole number
line estimation
9. Non-symbolic
proportional
reasoning
10. Long division
11. Multiplicative
skills
12. Fraction
concepts
13. Fraction
procedures

1

2

3

–
.032
*
.140
*
.156

4

–
.036
*
.173

–
*
.257
*

.076
*
.118

.053
.077

.385
*
.268

.151

*

.042

.098

.248

*

.097

*

.207
*
.250
.266

*

.146

*

6

–
*
.480

–

7

8

9

10

11

*

.374
*
.412

*

.340

*

.214

.027
.061

.189
*
.100

.460
*
.479

.337
*
.264

.374
*
.305

.345
*
.274

.450
*
.376

.380
*
.309

–
*
.548

.252

*

*

*

*

*

*

*

*

.191

*

.053
.060

13

.380

*

.524
.474

*

.346

*

*

.519
.326

*

*

–

.010

*

.433

*

*

.352

*

.377

*

.268

.287

*

12

–

*

.122

*

*

5

.433

*

.346

*

.498

*

.304

*

.375

*

.251

*

.405

*

.270

–
*

.403

*

.647

*

.430

–

*

.516

*

.366

.541

*

.511

–
*

.504

*

.505

–
*

.603

–

Note. Whole number line estimation was coded as percentage absolute error and was then multiplied by 1 to convert the sign.
Low income is indexed by participating in free or reduced lunch. PPVT, Peabody Picture Vocabulary Test (4th edition); WASI,
matrix reasoning subtest of Wechsler Abbreviated Scale of Intelligence.
*
p < .05.

whether both dimensions of numerical skills were necessary) as well as with two alternative two-factor
models with different combinations of measures. The hypothesized two-factor model yielded a significantly better fit than all other factor models (see Table 4 for chi-square values, fit indexes, and likelihood
ratio test results). Therefore, the magnitude reasoning factor and calculation factor were incorporated as
two mediators into the structural model analysis stage. Although our measure of multiplicative skills had
moderately low reliability, the inclusion of a single latent factor that captures both multiplication and
long division helps to compensate for any measurement error.
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Table 4
Model fit indexes and model comparisons for measurement models.
Model
Measurement models
Two-factor mediator No. 1 (whole number line estimation/
proportional reasoning; long division/multiplication)
Two-factor mediator No. 2 (whole number line estimation/long
division; proportional reasoning and multiplication)
Two-factor mediator No. 3 (whole number line
estimation/multiplication; proportional reasoning/long
division)
One-factor mediator
One-factor outcome
Structure models
Predicting fraction knowledge
Predicting fraction concepts
Predicting fraction procedures

df

v2

p

RMSEA

CFI

TLI

SRMR

1

0.030

.863

.000

1.000

1.018

.001

1

8.497

.004

.135

.977

.860

.025

1

8.926

.003

.139

.975

.852

.026

2
0

11.377
.000

.003
.001

.107
.000

.971
1.000

.913
1.000

.030
.000

25
17
17

86.9
27.4
27.7

.001
.052
.048

.063
.034
.034

.946
.986
.988

.900
.963
.968

.037
.022
.021

Note. RMSEA, root mean square error of approximation; CFI, comparative fit index; TLI, Tucker–Lewis index; SRMR, standardized root mean square residual. For the four measurement models on mediators, the likelihood ratio test showed that the
first two-factor mediator model improved significantly on the one-factor mediator model (Dv2 = 11.077, Ddf = 1, p = .001),
whereas the other two-factor mediator models were not significantly different from the one-factor mediator model (two-factor
mediator No. 2: Dv2= 2.88, Ddf = 1, p = .09; two-factor mediator No. 3: Dv2 = 2.451, Ddf = 1, p = .117).

Our two fraction outcomes (fraction concepts and fraction procedures) loaded onto one dimension,
or factor, which can be conceptualized as ‘‘fraction knowledge.” The model–data fit was excellent (see
Table 4). Both manifest variables loaded significantly and reliably onto the factor (standardized coefficients: .72–.82, p = .001). The fraction knowledge factor captured 78.4% of the variance in fraction
concepts and 43.5% of the variance in fraction procedures and, thus, is treated as a valid measure of
general knowledge of fractions.
However, it is important to note that each measure provides information that is missing from the
obtained single construct: 21.6% of variance in fraction concepts and 56.5% of variance in fraction procedures. Thus, there are still aspects of fraction concepts and procedures, respectively, that are specific
to each measure and uncorrelated to the other measure (see Little, Lindenberger, & Nesselroade, 1999,
for a fuller discussion on the principles of selecting indicators for multivariate measurement). To
investigate the pathways from cognitive capacities to both the shared aspects (i.e., ‘‘communality”;
Little et al., 1999) and unshared aspects (i.e., ‘‘diversity” or ‘‘specificity”; Little et al., 1999) of fraction
concepts and fraction procedures, we include three structural models in our analysis: one treating the
general fraction knowledge factor as the outcome variable (this model specifies a pathway to the
shared knowledge) and two treating the fraction concepts and fraction procedures measures as manifest outcome variables, respectively (the pathways in these models predict knowledge that correspond to the shared part as well as unshared knowledge unique to each). This approach is also
motivated by prior research that draws distinctions between fraction concepts and fraction procedures, as discussed in the Introduction.
Preliminary regression analyses
See Tables 5 and 6 for the results of the three sets of preliminary regression analyses. These analyses revealed significant direct relationships between each of the general predictors (i.e., attentive
behavior, verbal and matrix reasoning abilities, and working memory) and fraction concepts (c paths
in Baron & Kenny, 1986). In contrast, for fraction procedures, attentive behavior and verbal ability
were significant predictors, whereas matrix reasoning and working memory were not. Effects of background variables (age, gender, and income status) were primarily included as controls; however, some
relationships are important to note. First, age was negatively associated with magnitude reasoning
and calculation at fifth grade, as well as fraction concepts at sixth grade, most likely due to lower
achieving students experiencing delayed kindergarten entry or grade retention at some point. Boys
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Table 5
Multiple linear regressions of cognitive predictors on numerical competency mediators and fraction outcomes.
Fraction concepts

Fraction procedures

Magnitude

Predictor

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Attentive behavior
Verbal (PPVT)
Matrix reasoning
(WASI)
Working memory

.281 (.046)
.308 (.051)
.174 (.050)

.001
.001
.001

.364 (.053)
.157 (.062)
.039 (.059)

.001
.012
.516

.258 (.063)
.264 (.065)
.261 (.064)

.001
.001
.001

.449 (.057)
.169 (.061)
.142 (.061)

.001
.006
.020

.112 (.045)

.013

.057 (.054)

.289

.219 (.057)

.001

.155 (.055)

.005

Covariate

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Age
Gender
Income Status

.172 (.040)
.005 (.040)
.030 (.043)

.001
.893
.487

.065 (.047)
.005 (.047)
.007 (.050)

.160
.914
.894

.166 (.051)
.166 (.051)
.111 (.054)

.001
.001
.040

.195 (.049)
.060 (.049)
.061 (.053)

.001
.223
.246

Model summary

R2 = .479, F = 69.35,
df = 15, p < .001

R2 = .261, F = 26.64,
df = 15, p < .001

Calculation

R2 = .690, F = 167.89,
df = 15, p < .001

R2 = .534, F = 86.44,
df = 15, p < .001

Note. Estimates are standardized coefficients. PPVT, Peabody Picture Vocabulary Test (4th edition); WASI, matrix reasoning
subtest of Wechsler Abbreviated Scale of Intelligence.

Table 6
Multiple linear regressions of numerical competency mediators on fraction outcome.
Fraction concepts

Fraction procedures

Predictor

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Magnitude
Calculation

1.075 (.267)
.124 (.246)

.001
.615

.230 (.168)
.525 (.148)

.173
.001

Covariate

Standardized
b (SE)

p-value

Standardized
b (SE)

p-value

Age
Gender
Income status

.002 (.055)
.180 (.064)
.155 (.089)

.970
.005
.082

.095 (.047)
.075 (.050)
.003 (.059)

.044
.133
.959

Model summary

R2 = .857, F = 635.26,
df = 11, p < .001

R2 = .486, F = 100.23,
df = 11, p < .001

Note. Estimates are standardized coefficients.

and middle-income students showed significantly higher magnitude reasoning skills at fifth grade
compared with their counterparts. None of the demographic characteristics was related to fraction
procedures at sixth grade.
Structural model results
In the structural model analysis stage, we tested three structural models with three different
dependent variables. In the first model (A), the outcome variable was the latent fraction knowledge
factor extracting from the fraction concepts and fraction procedures measures. The second and third
models (B1 and B2) used the observed fraction concepts and fraction procedures measures as the
outcome, respectively. In the three models (general fraction knowledge, fraction concepts, and fraction
procedures), the four correlated third-grade general cognitive competencies (attentive behavior,
verbal ability, matrix reasoning, and working memory) were entered as exogenous variables that
predicted the corresponding fraction outcome. Because it is recommended to test indirect effects even
in the absence of direct effects in order to rule out the possibility of a suppression effect (MacKinnon,
Krull, & Lockwood, 2000; Shrout & Bolger, 2002), we included in the third model (B2) the two
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insignificant predictors (i.e., matrix reasoning and working memory). The two fifth-grade numerical
factors (magnitude reasoning, including whole number line estimation and non-symbolic proportional
reasoning, and calculation, including long division and multiplication) were treated as mediators
between the cognitive predictors and the fraction outcome. In each model, demographic variables
were treated as covariates. All of the manifest variables in the structural models were standardized
in order to facilitate interpretation. Fig. 1 presents the path diagram of the models we analyzed.
Model predicting general fraction knowledge
Table 7 and Fig. 2 show the mediation effects of the calculation and the magnitude reasoning factors within the associations between cognitive predictors and the combined outcomes for general
fraction knowledge. Recall that this mediation model assesses the pathway reflected in shared variance between the fraction concepts and fraction procedures measures. Fit statistics indicated an adequate model–data fit (see Table 4). All direct path coefficients from cognitive predictors to fraction
knowledge outcome (c paths) were nonsignificant, whereas all coefficients relating cognitive predictors to mediators (a paths) and mediators to outcome variables (b paths) were significant (resulting in
significant ab paths). This pattern indicates that the relations between general cognitive predictors
and the fraction knowledge outcome were fully mediated by the combination of calculation and magnitude reasoning measures. In other words, general cognitive competencies are important for developing fraction knowledge insofar as they are direct precursors for intervening number-related skills,
which in turn support learning of fractions.
To compare the unique contributions of the two mediators (magnitude reasoning and calculation)
in the associations between cognitive predictors and fraction knowledge, we examined their effect
sizes in the model. The effect size of the calculation mediator was small to medium for verbal ability
(ES = .08), matrix reasoning (ES = .07), and working memory (ES = .07) and was medium to large for
attentive behavior (ES = .21). The size of the mediation effect for the magnitude reasoning factor
was medium to large for all domain-general predictors (ESs = .23–.29). Therefore, magnitude reasoning and calculation ability were almost equally important in mediating the relationship between
attentive behavior and fraction knowledge (both indicated medium to large effect size). However,
mediation effects via magnitude reasoning (ESs = .23–.29) were three to four times greater than those
via calculation ability (ESs = .07–.08) for the other three general cognitive predictors (i.e., verbal ability, matrix reasoning, and working memory). Attentive behavior was predictive of both magnitude
reasoning and whole number calculation ability, each of which relates directly to fraction understanding. The effects of verbal ability, matrix reasoning, and working memory, however, appear more narrowly through their influence on magnitude reasoning.
Model predicting fraction concepts
Separate examination of each outcome allows us to characterize pathways that reflect variance
specific to each type of fraction knowledge. Thus, the second model depicted the mediating roles of
magnitude reasoning and calculation ability in the association between cognitive competencies and
fraction concepts, viewed in isolation to separate from fraction procedures. Fit statistics indicated
an excellent model–data fit. The relations between all of the cognitive predictors and fraction concepts
were fully mediated by the magnitude reasoning factor (see Table 7 and Fig. 3). The calculation factor
was not a significant predictor of fraction concepts in this model. The mediating effects of magnitude
reasoning were medium to large for all cognitive predictors (ESs = .25–.32). These findings suggest
that third-grade cognitive competencies influence sixth graders’ knowledge of fraction concepts via
effects on magnitude reasoning skills.
Model predicting fraction procedures
The third model depicted the mediating effects of the calculation ability and magnitude reasoning
factors on the association between cognitive competencies and fraction procedures. Fit statistics indicated an excellent model–data fit. The effects of attentive behavior and verbal intelligence on fraction
procedures were fully mediated by the calculation ability factor, whereas the magnitude reasoning
factor was not a statistically significant predictor of fraction procedures (see Table 7 and Fig. 4).
The mediating effects of calculation ability were medium for verbal ability (ES = .09) and medium
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Fig. 1. Conceptual mediation model (Model A: predicting fraction knowledge). Solid unidirectional arrows represent paths in
the model, solid bidirectional arrows represent correlations, and dashed arrows point to the observed measures (rectangles)
that assess the latent constructs (circles) in accordance with prior factor analyses. The above path diagram shows the first
structural model (A) in which the outcome variable is the general fraction knowledge factor (measured jointly by fraction
concepts and procedures). The second and third structural models (B1 and B2) are mostly identical except that the outcome
variables in these models were either the observed measure of fraction concepts or that of fraction procedures. Note that
covariance effects from variables including age, gender, and income are controlled in the models but are not shown in the figure.

to large for attentive behavior (ES = .24). These findings suggest that attentive behavior and verbal
ability or intelligence at early stages are important for developing whole number calculation skills,
which in turn support learning fraction procedures.
Although the direct path from working memory to fraction procedures (c0 path) was not significant
in our mediation model, we did observe a significant positive effect of working memory on calculation
ability along with a significant effect of calculation ability on fraction procedures or, in other words, an
indirect positive effect of working memory on fraction procedures (path ab). It is possible that the
direct effect was not observed due to power limitations, random noise associated with the greater
temporal distance between measurements of working memory and fraction procedures, or a suppression effect of some variables not included in the model (MacKinnon et al., 2000; Shrout & Bolger, 2002;
Tzelgov & Henik, 1991).

Discussion
The current study identified pathways to fraction knowledge. In particular, we examined how earlier cognitive competencies and intermediate numerical skills support later fraction outcomes.
Although previous research has addressed specific aspects of fraction development, our study provides
a more complete picture. Using a longitudinal design, we assessed students’ third-grade cognitive
competencies, fifth-grade number-related skills, and sixth-grade fraction knowledge. All analyses controlled for background variables, including age, gender, and income status.
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Table 7
Coefficients for direct and indirect effects in mediation models.
Model

Path

Predicting fraction knowledge

Path a: Effect of cognitive predictors on number-related mediators
Attentive behavior -> Mag/Cal
.270⁄⁄⁄/.458⁄⁄⁄
Verbal (PPVT) -> Mag/Cal
.260⁄⁄⁄/.169⁄⁄
Matrix reasoning (WASI) -> Mag/Cal
.263⁄⁄⁄/.147⁄
Working memory -> Mag/Cal
.209⁄⁄⁄/.148⁄⁄
Path b: Effect of number-related mediators on fraction knowledge
Mag -> FK
1.075⁄⁄⁄
Cal -> FK
.466⁄⁄⁄
Path ab: Indirect effect of cognitive predictors on fraction knowledge
Attentive behavior -> Mag/Cal -> FK
.290⁄⁄/.214⁄⁄⁄
Verbal (PPVT) -> Mag/Cal -> FK
.280⁄⁄/.079⁄
Matrix reasoning (WASI) -> Mag/Cal -> FK
.283⁄⁄/.068⁄
Working memory -> Mag/Cal -> FK
.225⁄⁄/.069⁄
Path c0 : Direct effect of cognitive predictors on fraction knowledge
Attentive behavior -> FK
.153
Verbal (PPVT) -> FK
.056
Matrix reasoning (WASI) -> FK
.165
Working memory -> FK
.132

Coefficient

Predicting fraction concepts

Path a: Effect of cognitive predictors on number-related mediators
Attentive behavior -> Mag/Cal
.264⁄⁄⁄/.454⁄⁄⁄
Verbal (PPVT) -> Mag/Cal
.257⁄⁄⁄/.167⁄⁄
Matrix reasoning (WASI) -> Mag/Cal
.265⁄⁄⁄/.145⁄
Working memory -> Mag/Cal
.204⁄⁄⁄/.146⁄⁄
Path b: Effect of number-related mediators on fraction concepts
Mag -> FC
1.204⁄⁄
Cal -> FC
.135
Path ab: Indirect effect of cognitive predictors on fraction concepts
Attentive behavior -> Mag/Cal -> FC
.317⁄/.061
Verbal (PPVT) -> Mag/Cal -> FC
.310⁄/.022
Matrix reasoning (WASI) -> Mag/Cal -> FC
.319⁄/.020
Working memory -> Mag/Cal -> FC
.246⁄/.020
Path c0 : Direct effect of cognitive predictors on fraction concepts
Attentive behavior -> FC
.011
Verbal (PPVT) -> FC
.003
Matrix reasoning (WASI) -> FC
.116
Working memory -> FC
.076

Predicting fraction procedures

Path a: Effect of cognitive predictors on number-related mediators
Attentive behavior -> Mag/Cal
.262⁄⁄⁄/.459⁄⁄⁄
Verbal (PPVT) -> Mag/Cal
.266⁄⁄⁄/.169⁄⁄
Matrix reasoning (WASI) -> Mag/Cal
.255⁄⁄⁄/.133⁄
Working memory -> Mag/Cal
.217⁄⁄⁄/.150⁄⁄
Path b: Effect of number-related mediators on fraction procedures
Mag -> FP
.349
Cal -> FP
.515⁄⁄
Path ab: Indirect effect of cognitive predictors on fraction procedures
Attentive behavior -> Mag/Cal -> FP
.091/.237⁄⁄
Verbal (PPVT) -> Mag/Cal -> FP
.093/.087⁄
Matrix reasoning (WASI) -> Mag/Cal -> FP
.089/.069
Working memory -> Mag/Cal -> FP
.076/.077⁄
Path c0 : Direct effect of general predictors on fraction procedures
Attentive behavior -> FP
.033
Verbal (PPVT) -> FP
.048
Matrix reasoning (WASI) -> FP
.107
Working memory -> FP
.072

Note. Estimates are standardized coefficients. Measures in italic are latent variables assessed in the model: FK, fraction
knowledge; Mag, magnitude reasoning; Cal, calculation. FC, fraction concepts; FP, fraction procedures; PPVT, Peabody Picture Vocabulary Test (4th edition); WASI, matrix reasoning subtest of Wechsler Abbreviated Scale of Intelligence.
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Fig. 2. Mediation model predicting fraction knowledge (with only significant path coefficients). Path coefficients are
standardized coefficients. Correlations among cognitive predictors as well as covariance effects from variables (age, gender, and
income) were estimated in the model but are not shown in the figure. ⁄p < .05; ⁄⁄p < .01; ⁄⁄⁄p < .001.

First, we found that fifth-grade numerical skills map onto two distinct constructs. Magnitude reasoning encompassed measures of whole number line estimation ability and non-symbolic proportional
reasoning, whereas whole number calculation comprised measures of long division and multiplicative
knowledge. Considered jointly, these two constructs fully mediated the relationship between early
cognitive competencies and later general fraction knowledge. This finding indicates that general abilities predict fraction knowledge to the extent that they support learning of these more basic numerical
skills. Although cognitive competencies help to build foundational mathematics skills central to developing later fraction knowledge, they are not direct antecedents of fraction learning. The mediational
correlations found in our study were stronger than those seen in previous studies that reported partial
mediational correlations (Hecht et al., 2003; Vukovic et al., 2014), possibly because we included
mediators that had not been investigated previously (i.e., non-symbolic proportional reasoning,
multiplicative, and long division skills).
To investigate potential selective pathways involving cognitive competencies and mediating factors, we examined fraction concepts and fraction procedures separately. These models provide pathways to the shared knowledge as well as unshared knowledge unique to each, a more nuanced
understanding of the influence of general competencies on the development of fraction knowledge
than has been suggested in previous work. Results show that magnitude reasoning fully mediates
the relations between all cognitive predictors and later fraction concepts, whereas calculation ability
fully mediates paths from verbal ability and attentive behavior to later fraction procedures; working
memory and matrix reasoning were not significant direct predictors of fraction procedures. However,
it should be noted that working memory was a significant predictor of calculation ability, which was
linked to fraction procedures. Thus, working memory may nonetheless play a role in learning fraction
procedures. These findings suggest that although fraction concepts and fraction procedures are
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Fig. 3. Mediation model predicting fraction concepts (with only significant path coefficients). Path coefficients are standardized
coefficients. Correlations among cognitive predictors as well as covariance effects from variables (age, gender, and income) were
estimated in the model but are not shown in the figure. ⁄p < .05; ⁄⁄p < .01; ⁄⁄⁄p < .001.

intertwined, they are not completely overlapping processes. Basic numerical skills are direct antecedents of the shared fraction knowledge. However, certain types of numerical skills (magnitude reasoning) play a unique intermediary role for the learning of fraction concepts, whereas others (calculation)
do so for the learning of fraction procedures.
How do cognitive competencies affect fraction learning through basic numerical skills? Good attention allows students to focus on mathematics instruction and to stay on task to acquire fractionrelevant knowledge (Finn et al., 1995; Hecht et al., 2003). However, our results show that to make
these cognitive competencies pay off, students must also acquire fundamental magnitude understandings and calculation skills during prior mathematics instruction. Students must develop a good understanding of numerical magnitudes—evidenced here by accurate estimation of the placement of whole
numbers on a number line and reasoning about proportions. In addition, students must manage
sequences of steps involving several operations, as is necessary during tasks such as long division.
As these skills then become more accurate and automatic (e.g., students come to know immediately
that 6 goes into 18 three times), fewer cognitive and attentional resources are needed to solve fraction
problems. Meanwhile, verbal intelligence helps children to learn number names and the counting
sequence, enabling them to precisely represent magnitudes that cannot be subitized or apprehended
using the object tracking system (i.e., numbers outside the range of 0–5; Piazza, 2010).
Our finding that general cognitive competencies do not directly influence fraction knowledge
contrasts somewhat with Hecht and colleagues (2003), who found that working memory and attentive
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Fig. 4. Mediation model predicting fraction procedures (with only significant path coefficients). Path coefficients are
standardized coefficients. Correlations among cognitive predictors as well as covariance effects from variables (age, gender, and
income) were estimated in the model but are not shown in the figure. ⁄p < .05; ⁄⁄p < .01; ⁄⁄⁄p < .001.

behavior are both direct and indirect influences. However, Hecht and colleagues assessed fraction
computation, whole number calculation, and cognitive competencies concurrently, whereas we
assessed the role of third-grade cognitive competencies in developing sixth-grade fraction knowledge
by way of fifth-grade numerical skills. We speculate that although early cognitive competencies support the development of mathematics skills, which in turn support fraction learning, such a process is
relatively sequential. Alternatively, the contrasting results could be due to the use of somewhat different assessments in the two studies, although each study arguably measured the same constructs.
Hecht and colleagues’ assessment of whole number calculation included speed, accuracy, and addition
and multiplication strategies, whereas our study assessed accuracy in multiplication and long division.
It may be the case that our relatively harder calculation tasks (i.e., long division) captured more of the
variance in general cognitive competencies than do less complex calculation tasks (i.e., addition).
Interestingly, magnitude reasoning and calculation ability served as selective intermediaries along
two separate pathways from general cognitive competencies to fraction concepts or fraction procedures. The finding that magnitude reasoning provides a foundation for learning fraction concepts
strongly supports the central role of magnitude representations in understanding all types of real
numbers. Although some accounts of number describe whole number learning and fraction learning
as relatively distinct processes, recent accounts emphasize number learning as a continuous process
founded on reasoning about magnitude (e.g., Matthews, Lewis, & Hubbard, 2015; Siegler & LortieForgues,, 2014). That is, numerical development involves progressively representing an increasingly
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wider range of number types (e.g., whole numbers and fractions) along a number line (Siegler & LortieForgues,, 2014; Siegler et al., 2011). One property that all numbers share is the potential to be represented as a magnitude that can be represented on a number line (Siegler et al., 2013).
Some dissociation between reasoning about numerical magnitudes and conventional calculation is
consistent with the presence of a ratio processing system (Matthews et al., 2015). The ability to reason
about ratios emerges early (McCrink & Wynn, 2007), with children as young as 4 years being able to
add and subtract visual part–whole fractions (Mix et al., 1999). Matthews and colleagues (2015) suggested that a core cognitive system supports symbolic fraction learning. Children use formal and informal experiences to link non-symbolic understandings of ratios to fraction symbols (Matthews et al.,
2015). Although they may seem so at first, the integrated theory of numerical development and the
existence of a distinct ratio processing system are not inconsistent; whereas a ratio processing system
may support fraction learning, the emergence of symbolic fraction knowledge occurs later in elementary school.
Calculation skills of the sort needed for multiplication and long division appear to support learning
of fraction procedures more than fraction concepts. Our finding is consistent with Hecht and
colleagues (2003), who found that whole number calculation predicts explicit fraction calculation
but not estimation of answers to fraction computation problems (which arguably is conceptual) and
word problems (which may require a host of other skills). In contrast, Vukovic and colleagues
(2014) found that second-grade addition and subtraction skills support the learning of fraction concepts in fourth grade (although they did not examine procedures). Because we examined calculation
in fifth grade, our analysis may be more sensitive to the contributions of whole number operations
because fraction instruction was actually occurring at that point; in contrast, Vukovic and colleagues
assessed calculation before formal fraction instruction. Vukovic and colleagues also found that calculation and number recognition fluency independently support fraction concepts. Our calculation factor
did not contain a fluency measure, nor did it assess more basic addition and subtraction skills.
Although there may be reciprocal relations between mathematics concepts and procedures (e.g.,
Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al., 2001), instructional practice does not easily align
fraction concepts with multiplication and division (Rodrigues, Dyson, Hansen, & Jordan, 2016). The
inherent relation between the structure of fractions and division, for example, should help students
to learn fraction concepts as well as procedures. However, instruction that separates whole number
learning from fractions might obfuscate these relations.
Educational implications
Our findings provide insight into the development of fraction knowledge and the cognitive and
numerical foundations on which it is built. The data suggest that learning activities emphasizing magnitude understanding may be particularly beneficial for teaching fraction concepts (Fuchs et al., 2013).
Number lines, for example, provide an integrated spatial structure used to represent whole number
magnitudes well as fractions. Number lines help students to see that there are an infinite number
of fractions between whole numbers. Activities that center on the number line provide the opportunity for students to reason about proportions and the multiplicative relationship between two or more
fractions (e.g., 1/3 = 2/6; Vukovic et al., 2014).
Our findings also highlight the value of developing long division and multiplication skills for fraction learning. As such, it would be advantageous for students, especially those with weak whole number calculation skills, to continue practicing multiplication and division with whole numbers during
the intermediate grades and even into middle school. Finally, although we find overlap between fraction concepts and fraction procedures, the unique aspects of each make it prudent to consider fraction
concepts and fraction procedures as relatively separate entities to develop focused learning materials.
Limitations and future directions
As with any mediation analysis, our model is constrained by the specific assessments used and the
range of constructs considered. Although the current study included a relatively wide range of fraction
outcomes, numerical skills, and general cognitive competencies, no analysis can be entirely
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comprehensive. For example, we did not directly assess general visuospatial processing, which has
been identified as an underlying cognitive competency involved in mathematical reasoning (e.g.,
Geary, 2004; Wai, Lubinski, & Benbow, 2009). There may also be limitations of the measures selected
to represent sub-constructs under the heading of the ‘‘central executive.” We included working memory and attentive behavior because they predicted mathematical learning in previous work (e.g., Hecht
et al., 2003; Vukovic et al., 2014). Our finding that working memory supports learning of fraction concepts, but only indirectly, predicts fraction procedures contrasts with some previous accounts of fraction learning (Seethaler et al., 2011; Vukovic et al., 2014) and, thus, requires further investigation.
Future research should include a wider range of measures for the central executive and also consider
other potentially important cognitive competencies. In addition, we did not consider affective factors
implicated in mathematics learning such as beliefs about self and mathematics anxiety (Ramirez,
Gunderson, Levine, & Beilock, 2013). Moreover, the current study did not address potential differences
in the quality of mathematics instruction that students received in school. Although all of our participants were taught in schools that used benchmarks derived from the Common Core State Standards
(CCSS) in mathematics, teacher variation is likely.
The manner in which the selected measures operationalize underlying constructs in the mediation
model may affect results. First, we note that the conclusion about the mediational role played by
numerical skills does not rule out the possibility that other intermediate skills besides numerical skills
could also mediate the relations of early cognitive competencies and later fraction knowledge. Mathematics learning is a complex process that likely involves a variety of mechanisms. Second, measuring
variables at earlier or later time points or changing the elapsed time between measurements of cognitive capacities and mediators—or between mediators and outcomes—could potentially yield different findings. However, because the overarching goal of our study was to elucidate broad
developmental pathways (as opposed to concurrent relations) from cognitive competencies to fraction
outcomes through intermediate numerical skills, our measurements followed a chronological order,
which is typical and appropriate for longitudinal mediation modeling (Cole & Maxwell, 2003). In addition, we conceptualized the cognitive competencies as personal traits that are relatively stable across
time, at least with respect to the distribution of individuals (Bornstein & Putnick, 2012; Unsworth,
2015; Watkins & Smith, 2013). As such, we expect that our findings would be similar regardless of
when the cognitive competencies were assessed.
Finally, we note that a mediation analysis assesses correlations and does not demonstrate clear
causal mechanisms. That said, our model provides strong evidence that there are multiple pathways
to fraction knowledge; different kinds of general cognitive competencies support particular numerical
skills, ultimately leading to selective effects on the concepts and procedures that make up the whole of
fraction knowledge.
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